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P̄m

l (sin ϕs)exp (jmL) =
l
∑

p=0

jl−mF̄lmp(I)exp (j(l − 2p)u) , (1)w) ϕs PTnDRT�I PTn~0�L P2�/N{[DDT�u PTnDRT0�
P̄m

l (sin ϕs) P"}�M
 Legendre Xh%� j =
√
−1, F̄lmp(I) *P"}�~0�1�

l � m � p P~0�1D 3 o&��
�'�w9-��D�L%�3 [1] �
F̄lmp(I) =

Nlm(l + m)!

2lp!(l − p)!

min(m−l,2m−2p)
∑

j=max(0,l−2p−m)

(−1)j×
(

2l − 2p

j

)(

2p

l − m − j

)

sm+2j−l+2pc3l−m−2j−2p ,

(2)w)
Nlm =

[

(l − m)!(2l + 1)(2 − δ0,m)

(l + m)!

]
1

2

, δ0,m =

{

1 m = 0

0 m 6= 0
,
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(

2l − 2p

j

)

=
(2l − 2p)!

(2l − 2p − j)!j!
,

(

2p

l − m − j

)

=
(2p)!

(2p − l + m + j)!(l − m − j)!
.
� (2) %(�o/$ 1�W�AU!9 F̄lmp(I), ���>�BT��F>(\l7~0�1D!9Sk�~0�1ÆuX!9a[��LJ!9a[G [2−4], GoodingG [5] p.\~0�1DlBT!9a[�m.~0�1!9A1K7���
P(h|~0�1DBT�2�;ha[��3X�5q[!9�#� �a���U0�|EW�P�d!9~0�1Da[�

2 URZ%
2.1 �ra�EJgVm
rG~0�1DP��

P̄m
l (sin ϕs)exp(jmL) =

l
∑

p=0

jl−mF̄lmp(I)exp(j(l − 2p)u)

=

l
∑

p=0

F̄lmp(I)exp

(

j(l − 2p)u +
l − m

2
π

)

(3)���0�1D"/p��Æ
F̄lmp(I) =

1

2π

∫ 2π

0

P̄m
l (sin ϕ)expj

[

mL − (l − 2p)u − l − m

2
π

]

du

=
1

2π

∫ 2π

0

P̄m
l (sin ϕ) cos

[

mL − (l − 2p)u − l − m

2
π

]

du ,

(4)w)














sin ϕ = sin I sin u

cosϕ sin L = cos I sin u

cosϕ cosL = cosu

. (5)

2.2 �ra�EB�
(4) %W~0 I �>��Æ

dF̄lmp(I)

dI
=

1

2π

∫ 2π

0

{P̄ ′m
l (sin ϕ)

dϕ

di
cos

[

mL − (l − 2p)u − l − m

2
π

]

−

mP̄m
l (sin ϕ) sin

[

mL − (l − 2p)u − l − m

2
π

]

dL

di
}du ,

(6)W�






dϕ

dI
= sin L, dL

dI
= − sin ϕ cos L

cos ϕ

dP̄ m
l (x)

dϕ
=

√

(2−δ0,m)(l−m)(l+m+1)
2 P̄m+1

n (x) − m sin ϕ
cos ϕ P̄m

l (x)
, (7)
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dF̄lmp(I)

dI
=

1

2π

∫ 2π

0

{
√

(2 − δ0,m)(l − m)(l + m + 1)

2
P̄m+1

l (sin ϕ)×

sin L cos

[

mL − (l − 2p)u − l − m

2
π

]

+

m sin ϕ

cosϕ
P̄m

l (sin ϕ) sin

[

mL − (l − 2p)u − l − m

2
π

]

}du .

(8)��� (8) %!9~0�1D>1�.�.
 ϕ = 90◦ DzN��0��t	?
P̄m

l (sin ϕ) = P̄
(m)
l (sin ϕ) cosm ϕ .��� (4) %� (8) %Fd��P

F̄lmp(I) =
1

2π

∫ 2π

0

P̄m
l (sin ϕ) cosm ϕ cosxdu , (9)

dF̄lmp(I)

dI
=



























1

2π

∫ 2π

0

√

l(l + 1)

2
P̄

(1)
l (sin ϕ) cos ϕ sin L cosxdu m = 0

1

2π

∫ 2π

0

{
√

(l − m)(l + m + 1)P̄
(m+1)
l (sin ϕ) cosm+1 ϕ sinL cosx

+m sinϕP̄m
l (sin ϕ) cosm−1 ϕ sin (x − L)}du m 6= 0

,

(10)w)
x = cos

[

mL − (l − 2p)u − l − m

2
π

]

. (11)W�pPD u �~0 I, L � ϕ �NW� (5) %!9�Ye'�mB�!9"}�M
 Legendre Xh%�!9 (9)∼(10) %DP�d�FNCA~0�1�w>1���F(~0�1DP�d!9a[D��7g�Ye|ED(��a[DNop�!9BT�)
D~0^N�l7~0�1!9DWPp�
3 -_fIe Legendre O��Hp�P\m� (9)∼(10) %2�!9~0�1�.a�tÆ2�!9"}�M
 LegendreXh% P̄m

l (sin ϕ) Da[�uXUd|E\ P̄m
l (sin ϕ) DLJ9[�
P`fD!9a[(WPD [6].



























P̄ l
l (x) =

√

(2l+1)(2−δ0,l)
2l(2−δ0,l−1) P̄ l−1

l−1 (x)

P̄ l−1
l (x) =

√
2l + 1xP̄ l−1

l−1 (x)

P̄ 0
l (x) =

√
2l+1
l [

√
2l − 1xP̄ 0

l−1(x) − l−1√
2l−3

P̄ 0
l−2(x)]

P̄m
l (x) = x

√

(2l−1)(2l+1)
(l+m)(l−m) P̄m

l−1(x) −
√

(2l+1)(l+m−1)(l−m−1)
(2l−3)(l+m)(l−m) P̄m

l−2(x)

. (12)LJ-%P
P̄ 0

0 (x) = 1 , P̄ 1
1 (x) =

√
3 , P̄ 0

1 (x) =
√

3x . (13)
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∫ b

a

f(x)dx =
nh

2

n
∑

k=0

A
(n)
k f

(

a +
nh

2
(1 + xk)

)

, h =
n(b − a)

N
, (14)w) n Pl6�dD71�N P�d�!9���1D11�N �t( n D�1� xkPl6�dD9N� A

(n)
k P�d�-� 2∼5 7D�d_1��� 1.? 1 [�hW�	

Table 1 Coefficients of Gaussian integrators

n k x
(n)
k

1 + x
(n)
k

A
(n)
k

2 1 0.577350269189626 1.577350269189626 1

2 2 -0.577350269189626 0.4226497308103742 1

3 1 0 1 8/9

3 2 0.774596669241483 1.774596669241483 5/9

3 3 -0.774596669241483 0.2254033307585166 5/9

4 1 0.861136311594053 1.861136311594053 0.3478548451374540

4 2 -0.861136311594053 0.1388636884059474 0.3478548451374540

4 3 0.339981043584856 1.339981043584856 0.6521451548625463

4 4 -0.339981043584856 0.6600189564151437 0.6521451548625463

5 1 0 1 128/225

5 2 0.906179845938664 1.906179845938664 0.2369268850561878

5 3 -0.906179845938664 0.09382015406133593 0.2369268850561878

5 4 0.538469310105683 1.538469310105683 0.4786286704993662

5 5 -0.538469310105683 0.4615306898943169 0.4786286704993662.�( [a, b] d+ N/n oj�(�d�
oj�(( n(b−a)
N , �(!o�(�dFN�'P

∫ b

a

f(x)dx =
nh

2

N/n−1
∑

i=0

n=1
∑

k=0

A
(n)
k f

(

a +
nh

2
(1 + xk + 2i)

)

. (15)W� n = 2, Æ
∫ b

a

f(x)dx = h

N/2−1
∑

i=0

[

f

(

a + h

(

1 +
1√
3

+ 2i

))]

. (16)
� (9)∼(10) %D���1(ls =D���� (11) %D x s_Uy!�w9j/uP 2π
2Lmax

, w) Lmax PYes�!9D~0�1D9l71��0�P\Æ#~0�1DBT���o/ul{a!9 2 o���1Uy!��
N ≥ 4Lmax. <	�YeN�^MF��5 n U,����1D!911 N , Ye,9\ n = 2, 3, 4 � 3 +�Q�Z
 n = 3, 4 ��!9BT(Cl\�; N ÆsÆ#7xD1[��0��`fD!9 Lmax = 180 )�Yex��

n = 2 , N = 4Lmax = 4 × (180 + 10) = 760 . (17)
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℄ 55W�pPD~0 I, .apP Lmax = 180,�!9���1D,w)�W�pPD u,W�
(12)∼(13) %LJ!9.?ÆD Legendre Xh% P̄

(m)
l (sin ϕ) (l = 0, ...Lmax; m = 0, ...l),2YW� (9)∼(10)%�!9.?Æ�; F̄lmp(I)� dF̄lmp(I)

dI
(l = 0, ...Lmax; m = 0, ..., l; p =

0, ..., l) ?�tD���1�W� 2 7l6�dw% (n = 2, N = 760) ?o�d�l6�d,w�!PW 4 Q18D�d�
5 �|

Gooding G�� 2008 np.\�e|ED~0�1!9a[ [5], �Cu\ Fortran7a��U�0P"��}#�Ua[D"�p�Ækp�Pv0*��`U*GoodingG�Da[P Gooding a[�*�U|EDP�dP�Ua[�
5.1 
{ 1�9X�5Ud [4], ~0 I = 109.9◦, m = 15, p = (l − 1)/2. � 2 )J 5 ^Pd℄w%D!9:��(Ye-m!9D��Ud [4] D:����l�;�8:�b	3%�5g/$ 1{->�BT�
5.2 
{ 2�9X�5Ud [5], ~0 I = 25◦, � 3 p.\ m = 15, p = (l − 1)/2 D!9:��
T Kostelesky a[� Gooding a[��Ua[�? 2 �sb	nÆw`=N

Table 2 Comparison of calculated results of inclination function

with different methods

l Gooding’s The paper’s Difference Original formulation

15 0.163727788669698 0.163727788669698 0.000000000000001 0.1637277887

17 0.487417791777481 0.487417791777480 0.000000000000000 0.4874177918

19 0.039444885080361 0.039444885080361 0.000000000000000 0.0394448851

21 -0.334234993689438 -0.334234993689439 0.000000000000000 -0.3342349937

23 0.238101170358486 0.238101170358485 0.000000000000001 0.2381011704

25 0.035197122324998 0.035197122324998 0.000000000000000 0.0351971223

27 -0.238961053270882 -0.238961053270883 0.000000000000000 -0.2389610533

29 0.250820102027528 0.250820102027528 0.000000000000000 0.2508201020

31 -0.098284229213865 -0.098284229213866 0.000000000000001 -0.0982842292

33 -0.099812590952652 -0.099812590952652 0.000000000000000 -0.0998125912

35 0.220401483107786 0.220401483107785 0.000000000000000 0.2204014781

37 -0.203459255803049 -0.203459255803050 0.000000000000001 -0.2034592797

39 0.072853902584608 0.072853902584608 0.000000000000000 0.0728540686

41 0.089117362850045 0.089117362850044 0.000000000000001 0.0891178996

43 -0.192487848426302 -0.192487848426302 0.000000000000000 -0.1924876311

45 0.186917527873700 0.186917527873700 0.000000000000000 0.1869099842

47 -0.083106948025162 -0.083106948025162 0.000000000000000 -0.0831112377

49 -0.058636531371390 -0.058636531371390 0.000000000000000 -0.0589966579

51 0.163214940273027 0.163214940273027 0.000000000000001 0.1624378367
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Table 2 (continued)

l Gooding’s The paper’s Difference Original formulation

53 -0.179533365185972 -0.179533365185973 0.000000000000001 -0.1817484772

55 0.104101730627469 0.104101730627469 0.000000000000000 0.0930503545

57 0.020582796611666 0.020582796611665 0.000000000000001 -0.0645316645

59 -0.129982540091162 -0.129982540091161 -0.000000000000001 -0.1399403611

61 0.170531791536338 0.170531791536337 0.000000000000001 -0.9145552167

63 -0.125189906580770 -0.125189906580770 0.000000000000000 -4.5011061275

65 0.019772145452192 0.019772145452193 -0.000000000000001 -9.8822915551

67 0.091764653339848 0.091764653339848 0.000000000000000 -65.3101154737? 3 �sb	nÆw`=N?
Table 3 Comparison of calculated results of inclination function

with different methods

l Gooding’s The paper’s Difference Kostelecky

15 0.000006495963948 0.000006495963948 0.000000000000000 0.000006496

17 0.000103011627958 0.000103011627958 0.000000000000000 0.000103012

19 0.000697212946079 0.000697212946079 0.000000000000000 0.000697213

21 0.003095855769518 0.003095855769517 0.000000000000001 0.003095856

23 0.010362283211892 0.010362283211892 0.000000000000001 0.010362283

25 0.027982715562962 0.027982715562961 0.000000000000001 0.027982716

27 0.063368623022614 0.063368623022613 0.000000000000001 0.063368623

29 0.123165875914705 0.123165875914704 0.000000000000000 0.123165876

31 0.208228139242237 0.208228139242237 0.000000000000000 0.208228139

33 0.307934792933924 0.307934792933923 0.000000000000001 0.307934793

35 0.397399393922436 0.397399393922434 0.000000000000001 0.397399394

59 0.242896738083475 0.242896738083474 0.000000000000001 0.242896738

61 0.083439810887535 0.083439810887536 -0.000000000000001 0.083493811

63 -0.114258980696525 -0.114258980696525 0.000000000000000 -0.114258981

65 -0.243634951510728 -0.243634951510727 -0.000000000000001 -0.243634952

67 -0.234916254335388 -0.234916254335387 -0.000000000000001 -0.234916254

69 -0.095167486129861 -0.095167486129861 0.000000000000000 -0.095167486

71 0.094299649996282 0.094299649996281 0.000000000000001 0.094299650

73 0.223783197359335 0.223783197359335 -0.000000000000001 0.223783197

109 -0.039188873349748 -0.039188873349748 0.000000000000000 -0.039188873

111 -0.164084175158719 -0.164084175158719 0.000000000000000 -0.164084175

113 -0.178975254642246 -0.178975254642245 -0.000000000000002 -0.178975255

115 -0.075767107928238 -0.075767107928236 -0.000000000000002 -0.075767108

117 0.075634719665441 0.075634719665440 0.000000000000000 0.075634720

119 0.174336031849824 0.174336031849824 0.000000000000000 0.174336032

171 -0.149468016969461 -0.149468016969461 0.000000000000001 -0.149468017

173 -0.113255563109117 -0.113255563109115 -0.000000000000002 -0.113255563

175 0.000590395612723 0.000590395612724 0.000000000000000 0.000590396
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Table 4 Comparison of calculated results of firstorder derivatives of inclination

function with different methods

l Gooding’s The paper’s Difference

15 0.000193588834461 0.000193588834461 0.000000000000000

17 0.002962643282053 0.002962643282054 -0.000000000000001

19 0.019210738800719 0.019210738800720 -0.000000000000001

21 0.080996204022307 0.080996204022303 0.000000000000004

23 0.254529309868877 0.254529309868872 0.000000000000005

25 0.635791817300206 0.635791817300204 0.000000000000002

27 1.304718954007593 1.304718954007594 -0.000000000000002

29 2.229338572015512 2.229338572015515 -0.000000000000003

31 3.154511340102659 3.154511340102648 0.000000000000011

33 3.561310705132132 3.561310705132130 0.000000000000001

35 2.797301141098675 2.797301141098648 0.000000000000027

59 -7.135563481217891 -7.135563481217909 0.000000000000019

61 -13.533758345144610 -13.533758345144580 -0.000000000000032

63 -12.842455780020720 -12.842455780020680 -0.000000000000041

65 -4.896633828451622 -4.896633828451554 -0.000000000000068

67 6.247154772263426 6.247154772263390 0.000000000000036

69 14.285109814165770 14.285109814165700 0.000000000000073

71 14.262965486747120 14.262965486747080 0.000000000000044

73 5.729761501008049 5.729761501008043 0.000000000000006

109 -19.534576265607050 -19.534576265607070 0.000000000000014

111 -9.973302918500933 -9.973302918500870 -0.000000000000062

113 6.465575798302253 6.465575798302296 -0.000000000000043

115 18.903633919489430 18.903633919489100 0.000000000000334

117 18.874890323982490 18.874890323982200 0.000000000000291

119 6.119038949987942 6.119038949987788 0.000000000000155

171 -3.447813907690885 -3.447813907690867 -0.000000000000019

173 16.897485750371600 16.897485750371400 0.000000000000210

175 25.708239113919340 25.708239113919130 0.000000000000206
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6.1 M\1�rE�)����9X)�Ye'�3\ 2 o GD~0�Y}�W�
o~0D l � m � pD1%(zPD��'�3\�o~0�1��3D���j��0�Yex�\ 5 +~0 I = 0◦ , 30◦ , 60◦ , 90◦ , 120◦ , W� l = 50, 60, ...180, W?ÆD m � p ?o\�3��3Æ� Gooding a[P�2�� 5 ^.\� Gooding a[D95�%D1%��%5�
10−14 Dh1�Ye*$P)%h1�
�N-�)%h1�5%.
� I = 90◦ g��)%�X A 2%, � Goodinga[95�%D1%.
� I = 0◦ g��;(���D:�(N�6/D��0N�
P�~0�1DP�d!9a[�N�)���	~0�bÆ!9zN� ? 5 l2�sF�n=u

Table 5 Comparison between our calculated results with Gooding’s results

for several inclinations

I l Number of terms Maximum difference I l Number of terms Maximum difference

50 20 0.54178×10−13 0 50 0.59501×10−14

60 18 -0.73718×10−13 0 60 0.71054×10−14

70 28 -0.70832×10−13 0 70 -0.59396×10−14

80 38 0.10658×10−14 1 80 -0.10436×10−13

90 45 -0.19295×10−14 2 90 -0.12189×10−13

100 47 0.12989×10−14 1 100 -0.10214×10−13

0◦ 110 57 0.12434×10−14 30◦ 110 3 -0.12434×10−13

120 65 0.20317×10−14 120 5 -0.11546×10−13

130 93 -0.15387×10−14 130 19 0.15353×10−13

140 112 -0.21316×10−14 140 12 0.14654×10−13

150 117 -0.24447×10−14 150 14 0.14144×10−13

160 146 0.21715×10−14 160 56 0.14876×10−13

170 196 0.31863×10−14 170 107 0.18762×10−13

180 241 -0.25379×10−14 180 146 -0.20844×10−13

50 0 -0.56066×10−14 50 0 -0.55511×10−14

60 0 -0.48849×10−14 60 0 -0.67723×10−14

70 0 -0.62172×10−14 70 0 -0.72997×10−14

80 0 0.61111×10−14 80 1 0.10075×10−13

90 0 0.69666×10−14 90 17 0.12656×10−13

100 1 0.10075×10−13 100 39 0.13211×10−13

60◦ 110 0 -0.89789×10−14 90◦ 110 65 -0.16292×10−13

120 1 -0.10395×10−13 120 107 0.16292×10−13

130 12 -0.14835×10−13 130 171 0.27838×10−13

140 3 -0.12878×10−13 140 177 -0.20650×10−13

150 4 -0.11136×10−13 150 246 -0.21302×10−13

160 10 0.13100×10−13 160 361 -0.25868×10−13

170 24 -0.14706×10−13 170 454 0.30753×10−13

180 55 0.15676×10−13 180 559 -0.35915×10−13
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Table 5 (continued)

I l Number of terms Maximum difference I l Number of terms Maximum difference

50 0 0.49960×10−14

60 0 0.73274×10−14

70 0 0.52458×10−14

80 0 0.86597×10−14

90 0 0.87152×10−14

100 0 0.91038×10−14

120◦ 110 2 0.15321×10−13

120 1 0.11518×10−13

130 11 0.13544×10−13

140 6 0.13544×10−13

150 8 0.11587×10−13

160 11 0.15099×10−13

170 34 0.18263×10−13

180 56 0.17763×10−13

6.2 R.D V��t'~0�1a[��D'#�eWR> R.D (relative deficit) Ut'��VeWR> R.D DP�P [5]

R.D = 1 −
∑l

m=0

∑l
p=0 F 2

lmp(I)

2l + 1
. (18)�Ua[� Gooding a[D R.D �3�H 1.

7 x~*�~F���WP�d!9~0�1a[Dd℄�YeN�C.�`:`�
(1) �Up.\�+P�d!9~0�1�w>1Da[�
(2) ha[D!9BT3l����� Gooding a[e<�
(3) ha[DWPp�#�~0^NJ3��;(~0�1DP�d!9a[��ÆgbD�N�!9�(3(�;ÆN� Lmax ≤

50 �!$
��!9�q~0�1D!9��(j� 1 s. �	�!P�da[�j����1D9[��Cl!98T��5)�^N�Æ8=Æ?�!|E�2H 1 N-�P�d!9a[D R.D bÆ< l D�&Z��w)� I = 120◦ D R.D� Gooding a[D R.D ��j�l��0�YeN�5�~0�1DP�d!9a[(WPD�{a � Gooding a[%�
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A Definite Integration Method of Calculating
Inclination Function and its Derivative

WU Lian-da1 WANG Hong-bo1,2
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ABSTRACT The paper gives a definite integration method of calculating inclination func-

tion and its derivative. The expression is simple, but its accuracy is very well. It is about

10−15 and 10−13 for inclination function and its derivative, respectively. This level is com-

parable to the accuracy of Gooding’s method. Through a lot of numerical simulations, it

is proved that the method has good stability and wide-scope application of inclination. It

takes very little time to calculate low-order function (less than 50), so the method can be

directly used in calculating terrestrial and sun-moon gravitational perturbation.

Key words celestial mechanics, methods: numerical


