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(1 2lP_�)
�U}__� 2l 210093)
(2 2lP_�U<p
'�m�_ar~ 2l 210093)

(3 �'m�_ Q5iggo 3 710043)?7 AO�HTw�9/R	fH�-94'�<�HTw�$2_ÆJB5wC�oj�fH_=z,On�M��<n J2,2 B (�[�&B) _OG^k�_l�^�&B J2. w�d��2��Zji�[�� 1 d 8u_nqMX 500 m (=V�#=S$ 10−4 �M), ���;A�2�_�[�1ed�ÆJB	 J2 BrJÆJB	ÆJB)T_�-^l+V5q��u^l�M�1*��_^l�1e&f�\u�-^lw�[G~E_|��<$ 10−4, )�C�w,f&�"%-�	fHd�'O+���
y_+	2���;A'O^l�1ed��[{#!H�-^lB_|��dpO ���2�X}��\[
^"�\[
�BD�^|h
 P133;  'H��
 A

1 :5 ��N�eG	x��;{p<j�;�GSv�#1^k�℄�% J2 ^�Lx!
10−3, T��/��-*���GSv�#1^;�6`k�,83&�!�v<�*�iV�0� v~ Goddard Mars Model: GMM-2B, ;B 4 _I4v��$ 1 1�*�^v�8.Q(,�/3&�*?{?�(i7t^*���t GMM-2B^I4v�eGv�#^�\�~qy:�N^k�℄�% J2 = −

√
5 × C2,0 ≃ 2 × 10−3, �eGk�℄�%NF<U�T;�I4vN3ni�eG<yANm��LC���&m�N^?Z�% J2,2 =

√

5/12 × (C
2

2,0 + S
2

2,2)
1/2 ≃ 10−4, ��Nk�℄�% J2 <�-3m��L��eG^?Z�%iN���L�x�N�GSv�#^ 3 _I4v

J3,3 � J2,2 <�k*��L[^3&� �:�&N�0d^��qI<�^y~Q��W7){	�� J2,2 ≃ 10−4, h� J2 +Fm��L�x J2,2 ℄kd1^�N�;A� J2 As69℄k�L<U� J2 � J2,2 ^�,℄k�L~L 10−6. ~q%,	}O�;q^ 1 _s69A a
(1)
s (t, J2) ) a

(1)
s (t, J2,2) 1*%�N�;A�x 2 _s69℄kA a

(2)
s (t, J2 · J2,2)M�%�N�;A� 3A� J2 ^ 2 _s69℄kA<U�v�� (W 500 km 	) &
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206 � ) _ � 53 wN�Z�� 1 d^7t�iWL 500 m^mp�s�Zz" J2 � J2,2 ^�,℄kA� 8ismu! a
(2)
s (t, J2 ·J2,2)1�%�N�;A^������N�GSv�℄k1^;�IAk/N�	x J2 � J2,2 ^�,℄kA�;�IA^�,℄kA a

(2)
s (t, J2 · Jl,m)qI a

(2)
s (t, Jl,m · JI,J) k�%�N�;A��hYiz"�uI��G��eG&N^�	*�1 (���Z�0�e+1�)N[�8��a�), *hYiz"IA^{?�<y^�,℄kAkYiz"�J 1 GMM-2B TL^	+%�

Table 1 Some of the harmonic coefficients in Mars gravity model GMM-2B

l m Cl,m Sl,m

2 0 -8.745054708×10−4 0

3 0 -1.188691065×10−5 0

4 0 5.125798718×10−6 0

2 1 1.3938449166×10−10 1.704428064×10−10

2 2 -8.417751981×10−5 4.960534884×10−5

3 1 3.905344232×10−6 2.513932404×10−5

3 2 -1.586341103×10−5 8.485798716×10−6

3 3 3.533854114×10−5 2.511398426×10−5

4 1 4.227157505×10−6 3.741321503×10−6

4 2 -1.025388411×10−6 -8.962295163×10−6

4 3 6.446128873×10−6 -2.729779031×10−7

4 4 9.638433482×10−8 -1.286136169×10−5(1�B a
(2)
s (t, Jl,m ·JI,J)^�A$Lk�a

(2)
s (t, J2 ·Jl,m) �W a

(2)
s (t, Jl,m ·JI,J)1�(�B J2 � J2,2 qI J2,2 � J2,2 �,℄kA^v
Sk�q v<�*�iV�0�B2v+e%�JjW)j��}+$,�,℄k^4iWqI�A�k^$NW�

2 4xo/Vg�/��=ZU�3�0!��0*�)O|} ��(/~�W7O|R#	














[L] = am = 3397 km ,

[M ′] = M ′ ,

[T ] = (a3
m/(GM ′))1/2 ≈ 956.7038853 s .

(1);1 M ′ � GM ′ � am �&!�N^/��v�:v)0z�G
?Z�q��IR#\K7� G = 1, µ = GM ′ = 1. �Æ� (J2000) �M�GE"4 [1−3] 1��N�1?^�k}>!
r̈ = ~F0 + ~Fε , (2);1 ~F0 m1M�
 (�N) ^/Mv�R{p� ~Fε =

∑n
k=1

~Fk(~r,~̇r, t; εk) m�℄k�vy^℄kR{p� ε ≪ 1 mF0v�v��N�&N�~K ε = O(J2) = 10−3 D!F0v�� J2,2 A^℄k�LkÆm_℄kz"�;�℄kAz"! 2 _℄k�Y~ σ
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σ = (a, e, i,Ω, ω, M)T , (3)[k�r^[" T $l;.�<y℄k�kF0v}>W7	

dσ

dt
= f(σ, t, ε) = f0(a) + f1(J2, J2,2) + f2 (Jlm) (l ≥ 3, m = 0 ∼ l) . (4)

3 �Z`$wUq�
3.1 eQ�WtSIPz"W�3=h*���(/~�58x�vz [4−8], K0zd���;9!9);69!9�58x�vz^0zdW7	

σ̄(t) = σ̄(0)(t) + (σ1 + σ2 + · · ·)(t − t0) + ∆σ
(1)
l (t) + ∆σ

(2)
l (t) + · · · , (5);1















σ̄(0)(t) = σ̄(t0) + δn̄0(t − t0) ,

σ̄(t0) = σ(t0) − [σ
(1)
s (t0) + σ

(2)
s (t0) + · · · ] ,

δ = (0 0 0 0 0 1)T .

(6)

σ1, σ2, · · · !;9!9%�∆σ
(1)
l (t) = σ

(1)
l (t)−σ

(1)
l (t0), ∆σ

(2)
l (t) = σ

(2)
l (t)−σ

(2)
l (t0), · · · !;69!9� σ

(1)
s (t0), σ

(2)
s (t0), · · · !s69A�<y^�Z℄kd ~L=7�Sk	

σ(t) = σ̄(t) + [σ(1)
s (t) + σ(2)

s (t) + · · · ] . (7)

3.2 �WtS> 8iz"�GSv�#^�,℄kA�E�,℄kA�<�^v
b!*��B�>V0z(; [8 − 9], 7+�'�GSv�A^�,℄k.������:st7^m_℄kd�Yiz"�;q a ^ 2 _s69A�;1��
J2

2 � J2 · J2,2 � J2
2,2 aA� J2

2 Ap�b! [8−9]. ���N�GSv�#K�X_��;qG� 2 _) 3 _(S^s69A�hYiz"�W J2 · J3,3 a	Q^A�!I��i�BRs�_I4v Jlm (l ≥ 2, m = 0 ∼ l) � JIJ (I ≥ 2, J = 0 ∼ I) ^�,℄kd��t58x�vz��I4v Jlm � JIJ <�^�Z�;q�,℄kA~q$l!
a
(2)
s (t, Jlm · JIJ)

=







∫ t
[(

∑

j
∂fas(Jlm)

σj
σsd(JIJ)j

)

s
+

(

∑

j
∂fas(JIJ )

σj
σsd(Jlm)j

)

s

]

dt Jlm 6= JIJ

∫ t
(

∑

j
∂fas(Jlm)

σj
σsd(JIJ)j

)

s
dt Jlm = JIJ

,

(8)

a
(2)
s (t, J2 · Jlm) ~�[kK JIJ = J2,0 O|�;1 fas(Jlm) !����T℄k}>℄W^

Jlm .��;^�;q a ^�&v� σsd(Jlm) �! Jlm *℄E�℄W^℄kd�K	
σsd(Jlm) =

∫ t [

δ
∂n

∂a
asd(Jlm) + fs(Jlm)

]

σ̄

dt , (9)
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∫ t





∑

j

∂fas(Jlm)

σj
σsd(JIJ )j





s

dt = − 2

na2

(

1

a

)l l
∑

p=0

∞
∑

q=−∞

I
∑

K=0

∞
∑

N=−∞

(l − 2p + q) ×

{[−a(l + 0.5)Flmp(i)Glpq(e)C
a
IJKN + Flmp(i)G

′

lpq(e)C
e
IJKN +

F
′

lmp(i)Glpq(e)C
i
IJKN ] × S Slmpq,IJKN + Flmp(i)Glpq(e)[(l − 2p) ×

Cω
IJKN + mCΩ

IJKN + (l − 2p + q)CM
IJKN ]S SIJKN,lmpq} , (10)�kJ)(1iJ (l−2p+q 6= 0),DU J = 0�I−2K+N 6= 0. Y>7" lmpq ↔ IJKNK~J℄ (8) k1�mA	

∫ t





∑

j

∂fas(JIJ)

σj
σsd(Jlm)j





s

dt ,�k1^<��!
S Slmpq,IJKN = A Almpq,IJKN + B Blmpq,IJKN , (11)

A Almpq,IJKN =



































−AlmAIJ

2

cos(φlmpq + φIJKN )

φ̇lmpq + φ̇IJKN

− AlmBIJ

2

sin(φlmpq + φIJKN )

φ̇lmpq + φ̇IJKN

−
BlmAIJ

2

sin(φlmpq + φIJKN )

φ̇lmpq + φ̇IJKN

+
BlmBIJ

2

cos(φlmpq + φIJKN )

φ̇lmpq + φ̇IJKN

0 U(l − 2p + q − I + 2K − N = 0)Dm = J

,

(12)

B Blmpq,IJKN =



































−AlmAIJ

2

cos(φlmpq − φIJKN )

φ̇lmpq − φ̇IJKN

+
AlmBIJ

2

sin(φlmpq − φIJKN )

φ̇lmpq − φ̇IJKN

−
BlmAIJ

2

sin(φlmpq − φIJKN )

φ̇lmpq − φ̇IJKN

− BlmBIJ

2

cos(φlmpq − φIJKN )

φ̇lmpq − φ̇IJKN

0 U(l − 2p + q − I + 2K − N = 0)Dm = J

,

(13)

S SIJKN,lmpq ~� S Slmpq,IJKN Y>7"℄W�;��(<�hhZ"*�^�k~q�Y>Z"℄W��k1^;��!














Alm = [(1 − δlm)Clm − δlmSlm], Blm = [(1 − δlm)Slm + δlmClm]

δlm = 1
2 [1 − (−1)l−m]

, (14)

{

φlmpq = (l − 2p + q)M + (l − 2p)ω + m(Ω − S(t))

φ̇lmpq = (l − 2p + q)Ṁ + (l − 2p)ω̇ + m(Ω̇ − nm)
, (15)
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nm m1M�
�;{p� Clm � Slm !�GSv�#^��m9I4v� S(t) !�Nop>�G^0N�	xeG|}�;^��400N�O|}zV0z(; [1-3].














F
′

lmp(i) = d
diFlmp(i)

G
′

lmp(e) = d
deGlmp(e)

, (16)

Flmp(i) � Glmp(e) � Cσ
IJKN ^v
SkV0z(; [8]. �[+^$LkK~O|Rs�_I4v Jlm, JIJ ^�,℄kA a

(2)
s (t, Jlm · JIJ). B+�W^Yiz"^�.��,℄kA!

a(2)
s (J2 · Jlm) =

∑

l≥2

l
∑

m=1

a(2)
s (t, Jlm · J2) , (17)

a(2)
s (Jlm · JIJ) =

1

2

∑

l≥2

l
∑

m=1

∑

I≥2

I
∑

J=1

a(2)
s (t, Jlm · JIJ ) +

1

2

∑

l≥2

l
∑

m=1

a(2)
s (t, Jlm · Jlm) . (18)[+�B^m�,℄kd^�A�k�!�FFe�d�,℄kA^W/�7+�B J2� J2,2 qI J22 � J22 ^�,℄kA^v
$Lk�� W O(e0, α0) A^b!W7	

a
(2)
s (t, J2 · J2,2) =

9J2J2,2

8a3 { 40
3 sin2 i(1 − 5

4 sin2 i) cos(2Ωm)+

[sin2 i(1 + cos i)( 2
α + 2) − sin4 i( 8

α + 6) + 28
3 (1 − 3

2 sin2 i)(1 + cos i)2]×
cos(2M + 2ω + 2Ωm)+

[− sin2 i(1 − cos i)( 2
α + 2) + sin4 i( 8

α + 6) + 28
3 (1 − 3

2 sin2 i)(1 − cos i)2]×
cos(2M + 2ω − 2Ωm)+
4
3 sin2 i[(1 + cos i)2 cos(4M + 4ω + 2Ωm) + (1 − cos i)2 cos(4M + 4ω − 2Ωm)]} ,

(19)

a
(2)
s (t, J2,2 · J2,2) =

9J2

2,2

8a3 {sin2 i[24 cos i 1
α + 28(1 + cos i)2] cos(2M + 2ω)−

sin2 i(1 + cos i)2( 8
α + 2) cos(2M + 2ω + 4Ωm) + 25

3 sin4 i cos(4Ωm)−
sin2 i(1 − cos i)2(− 8

α + 2) cos(2M + 2ω − 4Ωm) + 4
3 sin4 i cos(4M + 4ω)+

2
3 (1 + cos i)4 cos(4M + 4ω + 4Ωm) + 2

3 (1 − cos i)4 cos(4M + 4ω − 4Ωm)} ,

(20)

Ωm = Ω − (S(t) + λ22), λ22 =
1

2
arctan(S22/C22) , (21);1 S(t) p�B+�W#�v
O|}zV0z(; [1-3]. n !:�&N�Z8�k[{p� a

(2)
s (t, J2 · J2,2) 1%��N�;u?^�,℄k.�W7	

a
(2)
s (t, J2 · J2,2) =

9J2J2,2

4a3

1
α{[sin

2 i(1 + cos i) − 4 sin4 i] cos(2M + 2ω + 2Ωm)−
[sin2 i(1 + cos i) − 4 sin4 i] cos(2M + 2ω − 2Ωm)} .

(22)v��N�&N� α ≤ 0.1, IK�N�;A4iW^���<yAi�m�ANm��L�~h a
(2)
s (t, J2 · J2,2) ^�LLW O(10−6) ∼ O(10−5), �h;�IA^�,℄kA a

(2)
s (t, Jlm ·JIJ ) ^+k~L O(10−6), Jx�� 1∼2 d ^S7t�?vbF}D�&6b O(10−4) ∼ O(10−3) ) O(10−4) �L^{?�7+~	mpv+de% mb'�
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4 �l�Z*�Z;(U�C6AW℄k�0d�	mpv+diVv��v+d/~C�^ RKF7(8) E�? [10], �0d)v+d/~�m�℄.Q�x-z"�N�GSv�B 5 _^℄k{?���E�?^��mp/	��L~qS!�0z�v+d^3&sm�0z^�ZÆ�.3�7+�B��|��x��0ma��1R-^Æ`YJ�
4.1 �~ 1Aj�	 2010 6 6 � 1 T 0  (UTC)Aj�Z�v	 a = 3797 km, e = 0.01, i = 80◦, Ω = 40◦, ω = 40◦, M = 280◦,��S!m��NT�K ∆t = 1477.3777 min, �vb!��$ 2 )� 1.J 2 ��z��jXiKz��jXT^"ufR��8bm-�T!NE{
Table 2 Prediction errors of analytical solutions considered the coupled terms or not

at about one Mars day

Prediction time Method a(km) e(10−2) i(◦) Ω(◦) (Ω + ω + M)(◦)

A 3793.132 1.231 80.001 38.196 164.205

∆t B 3793.125 1.231 80.001 38.196 164.112

C 3793.125 1.231 80.001 38.196 164.114

A 3797.422 1.211 80.034 38.178 254.225

∆t + 1

4
T B 3797.552 1.211 80.034 38.178 254.130

C 3797.551 1.210 80.034 38.177 254.132$ 2 1 T=118.3924 min, m 400 km 	p^&N�Z69� A � B � C ^%tW7	A !"z"�,℄k^�0d�B!�"z"��(�'^�;q�,℄kA^�0d� C !v+d�� 1 1^ Method A � Method B ) Method C K$ 2 1^}z A � B ) C.J|� 1 ~qyB��(�'^�,℄kAvbF.3^{?~qLW 10−3 ^�L (K$ 2 1^ 0.09◦ = 1.6 × 10−3 rad, V}z A ^b!��"z"��,℄kA2^�0dmp,8�	�V}z B ^b!�mp�� 10−4, �,�(^�'�0�7+�y|� 2.

4.2 �~ 2Aj�	 2010 6 6 � 1 T 0  (UTC)Aj�Z�v	 a = 3797 km, e = 0.01, i = 80◦, Ω = 90◦, ω = 60◦, M = 90◦, v�b!��$ 3, ;1 ∆t � T � C � B ^%t�|� 1, E ^%t!-z"� J2,2 <��,℄k^�0d�Kz"� a
(2)
s (t, J2 · J2,2) ) a

(2)
s (t, J2,2 · J2,2), *�z";�IA^�,℄k�
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Fig. 1 Prediction errors of analytical solutions along track considered the coupled terms or not in about

one Mars dayJ|� 2 ~qyB�;�IA^�,℄kvbF}D^{?~qLW 3× 10−4 (K$ 3 1^ 0.016◦), V}z E ^b!�xz"��"�,℄k^�0d�|� 1, mp��
10−4, V$ 3 }z B ^b!�J 3 ��z��jXiKz�ar�jXT^"ufR��8bm-�T!NE{

Table 3 Prediction errors of analytical solutions considered the coupled terms of

high-order tesseral harmonics or not at about one Mars day

Prediction time Method a(km) e(10−2) i(◦) Ω(◦) (Ω + ω + M)(◦)

E 3794.160 0.915 79.988 88.184 48.910

∆t B 3794.168 0.915 79.988 88.184 48.893

C 3794.168 0.915 79.989 88.183 48.894

E 3790.415 0.802 79.994 88.171 138.997

∆t + 1

4
T B 3790.431 0.802 79.994 88.171 138.980

C 3790.431 0.803 79.994 88.171 138.980

5 s�<�q[�0)v�~'����Nv�8.Q^�sW�:�&N℄k�0d*3�L��Q�eG&N^�0d��N�GSv�#^�,℄kAv:�&N�Z�;q^{?�:4i����:�&N�Z�0dI<�y~1�*~4p��Yi:s^m��	mpiJ7�hz" J2,2 <�^�,℄kAm*�^��ePy~1=Yi�tmpiJz";�IA^�,℄k�
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Analytical Solutions of Coupled Perturbation of
Tesseral Harmonic Terms of Mars Orbiters under

Nonspherical Gravitational Potential

ZHOU Chui-hong1,2 YU Sheng-xian1,2 LIU Lin1,2,3

(1 School of Astronomy and Space Science, Nanjing University, Nanjing 210093)

(2 Institute of Space Environment and Astrodynamics, Nanjing University, Nanjing 210093)

(3 State Key Laboratory of Astronautic Dynamics, Xi’an 710043)

ABSTRACT The nonspherical gravitational potential of the Mars is significantly different

from that of the Earth. The absolute value of the Mars’s most tesseral harmonic coeffi-

cients are nearly ten times larger than the corresponding terms of the latter. Especially,

the absolute value of the Mars’s second degree and order tesseral harmonic coefficient J2,2

is nearly 40 times as large as that of the Earth, and approaches one-tenth of its second

zonal harmonic coefficient J2. Because of these differences, the coupled terms of J2 and

the tesseral harmonics, and even those of the tesseral harmonics themselves all neglected

for Earth satellites should be considered in the analytical perturbation solutions, which are

used to predict the Mars’s low-orbit orbiters and the prediction errors must be limited within

500 meters in a time span of one Mars day. In this paper, the analytical solutions of the

coupled terms are presented. With the numerical method, it is proved that the coupled

terms are effective to influence the analytical solutions up to more than 500 meters along

track, which is emphasized by the analysis. The conclusion is that the solutions of Earth

satellites cannot be simply used without modification when dealing with the analytical so-

lutions of Mars’ orbiters, and the coupled terms discussed in this paper should be considered.

Key words celestial mechanics, perturbation theory, methods: analytical, methods: nu-

merical


