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Fig. 1 An illustration picture of the barycentric synodic frame (for the Earth-Moon system)�b8F���D��SH�bV18Va!V1Da!SH�o., (#5M) �b - 8VarE3{%V [2] Z\=j��D
{

~̈r + 2(−ẏ, ẋ, 0) = ∂Ω/∂~r

Ω = (µ(1 − µ) + x2 + y2)/2 + (1 − µ)/r1 + µ/r2

, (1)J
 µ = mMoon/(mMoon + mEarth), mMoon 1 mEarth �(D8V1bV\a!� ~r =

(x, y, z) D#5Mgsb - 8Var\H℄|!� r1 � r2 �(D#5M�bV18V\����arE3{%VZ�bV18V\H℄{%�(D (−µ, 0, 0) 1 (1 − µ, 0, 0).U_�yV\b - 8V6g�3v
^}i,L*?N��fpj����J	^�3v
^}i,L*7vZ	zOj�|B%X�u7?�Æ7vZ\l*DJE��ByV�7vZOj�|B%X\S��y+���
3 }�#%�
�;	 
����m�%XL�q\rbf�oD 200 km, |Bq\rbf�oD 200 km, r8f�oD 100 km D��%)Bw1|Bw�rbf�og4��KsSB\m�%X�E3{%V
 ) x js<�J'5�8V�rOj�|B%X+ x j\ef\�o�n
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X0 = (~r0, ~̇r0) = (x0, 0, 0, ẏ0) . (2)%)H℄+�oIX�X0 QDm�%X\r8f��K x0 
%r8f�o�B�
h#!D�o�! ẏ0 �NSnm�w\ T (�ISnm�w\��Z%L�fVOr8f\w\II%r8fVO|Bf\w\�%)%X�s<\� Ig4), U#5Mgsbr\H℄1�o�(D ~r � ~̇r, D#5M�m�%XL�qI:q\6Æ0bD (%)%X\s<}���q-s��$�q�i-s)

~r · ~̇r = 0, r = aEarth + 200 km , (3)J
 aEarth DbVAX�y�6Æ0b (3) �
3+����"YXm�y [3] hQ ẏ0 �
T [V-s�8 2 �B�8V�1g%\l*�Snm�w\D 2.863 4 d, w8DE3{%VZ\8l�'8Dbr"}VZ\g�l* (48 3 ∼ 6). 8
�e'�wq%X�ye'�|B%X�EM'�1"\SHDb - 8F��� [L] = 3.84747981× 108 m, 4Z8�s8 2 ��\Oj�|B%X�Snm�w\�orbf�o\EZvEZ���or8f�o\EZvEZ [4]. 8 2 ��\%X�bV�r��{Bw\�g�b�bV�rB{Bw\Oj�|B%X�N��f8 3 ���Snm�w\D 2.825 6 d. +8 2 ��\%X���8 3 ��\Oj�|B%XSnm�w\�orbf�o\EZvEZ���or8f�o\EZvEZ [4].
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Fig. 2 A free return trajectory departs from the Earth in a prograde orbit and reaches the far side of the

Moon.
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Fig. 3 A free return trajectory departs from the Earth in a retrograde orbit and reaches the far side of the

Moon.Ug%f�8VR1w�g�\Oj�|B%Xm�w\EQQEZ�8 4 �B"bV�r�{Bw\l*�Snm�w\D 13.765 7 d. 8 5 �B"bV�rB{Bw\l*�Snm�w\D 15.015 8 d. s8 4 ∼ 5 ��\Oj�|B%X�Snm�w\�orbf�o\EZvEZ�T�or8f�o\EZv_o [4].
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Fig. 4 A free return trajectory departs from the Earth in a prograde orbit and reaches the near side of the

Moon.
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Fig. 5 A free return trajectory departs from the Earth in a retrograde orbit and reaches the near side of

the Moon.J 4 f�v\m�%Xm
^��X1?P ) x js<�Jb [4] 
<D I vs<Oj�|B%X)s 0z"iY	z�J�|-?h
�&u\\nI
2`ÆJb����5\��8 2 ∼ 5 
\%X�bV�r)- 3��K)-�iH%X�
4 }�#%��
�;	 
���3:MbVlwqB{%X��/�iQ\A!��K-*�&�Ug%f�8VR1w�/�\w\�g%f��1/�\w\QQEZ�-�3>
,.\dS�X���8 2 ��\Oj�|B%Xiy"�Z
	z
NsJf�v\%Xq{�U_�sJ��v\Oj�|B%X�Z
	z�y��"�s)|Bv8V#5Mv��b8m�%X\rbf�o�%Ha;{r:q�o�i\�v8bm�%X\rbf�o�%?gQN7w�#5M�F\?gf�o�i\�%) r%Xrbf�o\-4�Oj�|B%X
-? ) x js<�U|Bwrbf�oD hF, Bwwrbf�oD hB, U#5M�r8f\n"!D

X0 = (~r0, ~̇r0) = (x0, y0, ẋ0, ẏ0) . (4)%)%X-?s<��K y0 6= 0, ẋ0 6= 0. UBww�#5MgsbV\H℄1�o�(D ~rB � ~̇rB, |Bw�gsbV\H℄1�o�(D ~rF � ~̇rF, D6Æ0bD














~rB · ~̇rB = 0, rB = aEarth + hB

~rF · ~̇rF = 0, rF = aEarth + hF

~r0 · ~̇r0 = 0, r0 = aMoon + hM

, (5)J
 aMoon D8VAX�y�hM Dr8f�o�
h#!D x0 �y0 �ẋ0 �ẏ0 �NMr8fRnM�\w\ TF N�nM�\w\ TB (%)%X-? ) x js<� TB 6= TF).4Æ�6Æ0b (5) �
3+P�yhQ x0 � y0 � ẋ0 � ẏ0 � TB N TF [V-s�



4 I 6T;a�:W%6e^Ql�~D'Z 313S�'5�f* hB �hF g8-Q�D%XR9�s<\�\&U Ig8iQw�%X\-s<}0�i5`�8 6 �B hB = 3.6× 104 km, hF = 200 km, hM = 100 km \l*�MBwfVr8f/w 2.976 5 d, Mr8f|BbV/w 3.184 4 d.
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Fig. 6 A free return trajectory with hB = 3.6 × 104 km, hF = 200 km, and hM = 100 km

5 )5;	 
���u!l
Oj�|B%X&oA�)��"%X\$f�T� �X�{%X��X1l�Mv
^"o%fH℄!��AX�r ±5◦ \Y.�Js);p��<%\=>�-�\�D"�TÆ℄}��
++CH\R�8V#5dS
 (��
++ 80�
10 0� 11 0), �q{%XsSwR9=℄�&"Oj�|B%X\0b��Tf*
:Ba�H�\�	S3\{z"Æ^V6 (Reaction Control System, RCS) q{o!\%X�RQ
[~�HÆ℄|B)d,�/iH℄�_v%)wq0b1?g�B�0b\6Æ�yV\b818bm�%X>>-�)�}
��XF1?�J|��
sOj�|B%X\	z%F1n�\
<F�M
++ 12 0���Oj�|B%X\�"M�X1<FV"�\�siETy�r8f\n"!D

X0 = (~r0, ~̇r0) = (x0, y0, z0, ẋ0, ẏ0, ż0) . (6)6Æ0b4 (5) ��Kw
h#!��D x0 � y0 � z0 � ẋ0 � ẏ0 � ż0 NR�n\Snm�w\ TB � TF � 8 ��T6Æ0b\& 6 ���Km�}/Y.)-C��Dm�KL*�
^�i z0 � ż0, ��B�0Oj�|B%X7?#j z0 � ż0, �BJ�\Oj�|B%X�Urb\Bwq1VOq\rbf�o hB = hF w�& 0(�\iEiH%X��0�E3{%VZ ) x-z F1s<�f8 7���Kwr8f z j�n\�o ż0 = 0.$�0 ) x-z F1{s<�f8 8 ���Kwr8f� x-y F1l�Q z0 = 0. 8 7��\%X z0 = 1.1 × 10−3 (O!�SH), Snm�w\D 2.872 8 d, 8 8 ��\%X
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ż0 = 0.45 (O!�SH) �Snm�w\D 2.841 2 d.
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Fig. 7 A three-dimensional free return trajectory. At the perilune, z0 = 1.1 × 10−3, ż0 = 0.
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Fig. 8 A three-dimensional free return trajectory. At the perilune, z0 = 0, ż0 = 0.45.

6 �J�����&��O3:U hB �hF �hM �iw�r8f\ z0 � ż0 -Ad�#<�v�&�i\#<�A�� hB = hF = 200 km, hM = 100 km D��8 9 wl8�B" z0 � ż0 <�\#<�A�8
.�� z0 � ż0 s��0Oj�|B%X�8
\`�e�r8fF#5Mgs8r�X{%V\%XQf�%)%XB{qg8V���A��K%XQfQ)
90◦. `_�%)�V z0 � ż0 #<�A\
^�r8fF\%X1+�X1\Xf��V
^��or8f�o\EZ� z0 � ż0 \#<�A7Q�r8fF\%X1+�X1\Xf\uQY�7Q�f8 9 'l8���Kw hB = hF = 200 km, hM = 1000 km. ��b��orbf�o\EZ� z0 � ż0 \#<�A�7Q�r8fF\%X1+�X1\Xf\uQY�7Q�f8 9 wZ8���Kw hB = hF = 104 km, hM = 1000 km.Jp8
\%� “adim” s�O!�SH�

[L] = 384747981.000000000 m, [T ] = 375699.843898365 s, [V ] = [L]/[T ] . (7)
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 z0 � ż0 \#<Y. ) z0 � ż0 js<�J��D hB = hF, f* Ig8iQ�Oj�|B%X\-s<}
E5`�D z0 � ż0 \
{Y.
?a5`\-s<}�f8 9 'Z8���Kw hB = 36000 km, hF = 100 km, hM = 100 km.

9 9 .5tdgPt:g�pxt:g z0 � ż0 ^$=�BPt:'ZSh^a�f
xm9� hB = hF = 200 km, hM = 100 km; (m9� hB = hF = 200 km, hM = 103 km;x\9� hB = hF = 104 km, hM = 103 km; (\9� hB = 36000 km, hF = 100 km, hM = 100 km.

Fig. 9 The feasible region of z0, ż0, and the contour curves of the inclination at the perilune for different

perigee and perilune heights. Upper left: hB = hF = 200 km, hM = 100 km; Upper right: hB = hF = 200

km, hM = 103 km; Lower Left: hB = hF = 104 km, hM = 103 km; Lower right: hB = 36000 km, hF = 100

km, hM = 100 km.8 10 �B"s�8 9 wl8\rb%XQf\`�e8 (%)s<}�p�BBwq\rb2,%XQf#<Ze). %8
U�rbq\%XQf
� 0 ∼ 90◦ V\#<�)-�Vr8q\
^�
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9 10 hB = hF = 200 km, hM = 100 km xt:gG z0 � ż0 ^$=�BPtd'ZSh^a�f

Fig. 10 The feasible region of z0, ż0, and the contour curves of the inclination at the perigee for

hB = hF = 200 km, hM = 100 km.

7 L* $A<���g�3v
^}i,L*�b – 8Vs�\Ky�7vN���pj�:)!j5o\Q{tpj1bV�8V\�Vy��Hpj�k���&8V%X\Er(pj1�q!
\��pj��K�J��\b - 8VKy�7v���bV�8V1!
\af��� 0\H℄% DE405 �'�B�l
3v
^}i,L*7vZ\l*nZ�RQ
[VKy�7vZ\l*�U8rE3{%VZ#5M\H℄+�o|!D ~r � ~̇r, br"}V (N01"" ICRS (In-

ternational Celestial Reference System) {%V) Z\H℄1�o|!D ~R � ~̇R, &fZm� V
~R = ~RM + C~r, ~̇R = ~̇RM + Ċ~r + C~̇r , (8)J
 ~RM � ~̇RM Dbr"}VZ8V\H℄1�o|!��m~P C i�fZ [5]:

C = (ê1, ê2, ê3); ê1 =
~RM

RM
, ê3 =

(~RM × ~̇RM)

||~RM × ~̇RM||
, ê2 = ê3 × ê1 . (9)U8rE3{%VZr8fn"!D

X0 = (~r0, ~̇r0) = (x0, y0, z0, ẋ0, ẏ0, ż0) (10)N0si z0 = ż0 = 0, D
h#!D x0 � y0 � ẋ0 � ẏ0 �NMr8fRnM�\w\
TF N�nM�\w\ TB. 6Æ0bD















~RB · ~̇RB = 0, RB = aEarth + hB

~RF · ~̇RF = 0, RF = aEarth + hF

~r0 · ~̇r0 = 0, r0 = aMoon + hM

, (11)
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 ~RB � ~RF � ~̇RB � ~̇RF �(DBww�1|Bw�br"}VZ\H℄1�o|!� 0
% ~rB �~rF � ~̇rB � ~̇rF 3+ (8) �S��4Æ�6Æ0b (11) �
3+P�yhQ x0 � y0 � ẋ0 � ẏ0 �N TF � TB [V-s (�Xm+�
N0�i" z0 = ż0 = 0,yVTy���,,.dS6Ævi). 8 11 �B"b – 8�wE3{%V
\JÆ�0%X�b – 8�wE3{%V\0f�b – 8Var���SHDbV+8VV\\�w����K+8 1 ∼ 4 -4�8 11 
\{%SH “EM” '�b8�w����w\#<v#<�#5M�r8fw�D MJD57700.9, MrbfVr8f/w 2.932 9 d, Mr8fVrbf/w 2.708 1 d. 8 12 �B"g�\br"}V
\8l�8
{%SH
“Ae” '�bVAX�y aEarth.
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Fig. 11 A free return trajectory in the real force model of the Earth-Moon system (drawn in the

Earth-centered instantaneous synodic frame)
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Fig. 12 The same trajectory as that in Fig. 11, but shown in Earth-centered celestial coordinate
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Free Return Trajectories in Lunar Missions

HOU Xi-yun1,2 ZHAO Yu-hui1,2,3 LIU Lin1,2,3

(1 School of Astronomy and Space Science, Nanjing University, Nanjing 210093)

(2 Institute of Space Environment and Astrodynamics, Nanjing University, Nanjing 210093)

(3 Beijing Aerospace Control Center, Beijing 100094)

ABSTRACT Four types of symmetric free return trajectories in the planar circular re-

stricted three-body problem are computed and compared with each other. One of these

four types is most applicable in practice. Concentrating ourselves on this special type of

free return trajectory, the corresponding planar asymmetric cases are studied. Then the

studies are generalized to the three-dimensional case. The restrictions on the inclination

angles of the probe at the perilune are discussed. It is found that the maximum inclination

at the perilune between the probe’s orbit plane and the Moon’s orbit plane is restricted

by the heights of the perigee and the perilune of the free return trajectory. However, the

inclination at the perigee is nearly not affected by them. At last, a strategy to design free

return trajectories in the real Earth-Moon system is proposed. Some numerical simulations

are done to show the feasibility of this orbit design strategy. The discussions from the planar

case to the spatial case and then to the real force model can also be applied to the other

three types of planar free return trajectories.

Key words celestial mechanics: three-body problem, restricted problem, methods: nu-

merical


