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[c − 2a − (b − a)z]F + a(1 − z)F (a + 1) − (c − a)F (a − 1) = 0(G1)

(b − a)F + aF (a + 1) − bF (b + 1) = 0(G2)

(c − a − b)F + a(1 − z)F (a + 1) − (c − b)F (b − 1) = 0(G3)

[c − 2b + (b − a)z]F + b(1 − z)F (b + 1) − (c − b)F (b − 1) = 0(G4)

, (27)

1. (12) 6�C�
(12) pt F (a, b) � F (a + 1, b− 1) � F (a + 2, b− 2) b�?E�n��1�8e �:I Gauss E�jp (G1) p�x
��� a ⇒ a + 1, b ⇒ b − 2, >

[c−2a−2−(b−a−3)z]F (a+1, b−2)+(a+1)(1−z)F (a+2, b−2)−(c−a−1)F (b−2) = 0 , (28):I Gauss E�jp (G2) p�x
��� a ⇒ a + 1, b ⇒ b − 2, >
(b − a − 3)F (a + 1, b − 2) + (a + 1)F (a + 2, b − 2) − (b − 2)F (a + 1, b − 1) = 0 . (29)

(28)∼ (29) p+` F (a + 1, b − 2) >
[c − 2a − 2 − (b − a − 3)z](b − 2)F (a + 1, b − 1)+

[b + a − c − 1](a + 1)F (a + 2, b − 2) − (c − a − 1)(b − a − 3)F (b − 2) = 0 .
(30):I Gauss E�jp (G3) p�x
��� b ⇒ b − 1 >

(c − a − b + 1)F (b − 1) + a(1 − z)F (a + 1, b − 1) − (c − b + 1)F (b − 2) = 0 , (31)X:I Gauss E�jp (G2) p�x
��� b ⇒ b − 1 >
(b − a − 1)F (b − 1) + aF (a + 1, b − 1) − (b − 1)F (a, b) = 0 , (32)

(31) ∼ (32) p+` F (b − 1), >
(c − a − b + 1)(b − 1)F (a, b) + a[(2b − c − 2) − (b − a − 1)z]F (a + 1, b − 1)−

(b − a − 1)(c − b + 1)F (b − 2) = 0 .
(33)
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(30) p| (33) p+` F (b − 2), 
>E�jp

[(c − 2a − 2)(b − 2)(b − a − 1)(c − b + 1)−

(2b − c − 2)(b − a − 3)(c − a − 1)a]F (a + 1, b − 1)+

[(c − a − 1)a − (b − 2)(c − b + 1)](b − a − 1)(b − a − 3)zF (a + 1, b − 1)−

(a + 1)(b − a − 1)(c − b + 1)(c − a − b + 1)F (a + 2, b − 2)−

(b − 1)(b − a − 3)(c − a − 1)(c − a − b + 1)F (a, b) = 0 .

(34)

� (34) pi F (a + 1, b − 1) ?�|^8
[(c − 2a − 2)(b − 2)(b − a − 1)(c − b + 1) − (2b − c − 2)(b − a − 3)(c − a − 1)a]

= (c − a − b + 1)(b − a − 2){[(b − 1)(c − b + 1) + (c − a − 2)a] + (b − a − 3)(b − a − 1)} ,

(35)

[(c − a − 1)a − (b − 2)(c − b + 1)](b − a − 1)(b − a − 3)z

= −(c − a − b + 1)(b − a − 2)(b − a − 1)(b − a − 3)z ,
(36)

(35) p| (36) p2f (34) p�
>
(c − a − b + 1)(b − a − 2){[(b − 1)(c − b + 1) + (c − a − 2)a]+

(b − a − 3)(b − a − 1)}F (a + 1, b − 1)−

(c − a − b + 1)(b − a − 2)(b − a − 1)(b − a − 3)zF (a + 1, b − 1)−

(a + 1)(b − a − 1)(c − b + 1)(c − a − b + 1)F (a + 2, b − 2)−

(b − 1)(b − a − 3)(c − a − 1)(c − a − b + 1)F (a, b) = 0 ,

(37)V`jmGv (c − a − b + 1), 
>�L__?jp
(b − a − 2){[(b − 1)(c − b + 1) + (c − a − 2)a+

(b − a − 1)(b − a − 3)] − (b − a − 1)(b − a − 3)z}F (a + 1, b − 1)−

(a + 1)(b − a − 1)(c − b + 1)F (a + 2, b − 2)−

(b − 1)(b − a − 3)(c − a − 1)F (a, b) = 0 .

(38)

2. (15) 6�C�
(15) pt F (a, b) � F (a + 1, b + 1) � F (a + 2, b + 2) b�?n��1�8e �g)

Gauss jp (G1) p�x
��� a ⇒ a + 1, b ⇒ b + 2, >
[c−2a−2−(b−a+1)z]F (a+1, b+2)+(a+1)(1−z)F (a+2, b+2)−(c−a−1)F (b+2) = 0 , (39)g) Gauss jp (G3) p�x
��� a ⇒ a + 1, b ⇒ b + 2, >
(c−a−b−3)F (a+1, b+2)+(a+1)(1−z)F (a+2, b+2)−(c−b−2)F (a+1, b+1) = 0 , (40)
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(40) p2f (39) p�1>
[c − 2a − 2 + (a − b − 1)z](c− b − 2)F (a + 1, b + 1)+

(a − b − 1)(a + 1)(1 − z)2F (a + 2, b + 2) − (c − a − b − 3)(c − a − 1)F (b + 2) = 0 .
(41)g) Gauss jp (G4) p�x
��� b⇒b + 1, >

[c − 2b − 2 + (b + 1 − a)z]F (b + 1) + (b + 1)(1 − z)F (b + 2) − (c − b − 1)F (a, b) = 0 , (42)XM Gauss jp (G3) p�x
��� b⇒b + 1, >
(c − a − b − 1)F (b + 1) + a(1 − z)F (a + 1, b + 1) − (c − b − 1)F (a, b) = 0 , (43)

(43) p2f (42) p1>
(a − b − 1)(c − b − 1)F (a, b) − [c − 2b − 2 + (b + 1 − a)z]aF (a + 1, b + 1)+

(c − a − b − 1)(b + 1)F (b + 2) = 0 .
(44)

(44) p2f (41) p�>
[(c − 2a − 2)(c − b − 2)(c − a − b − 1)(b + 1)−

(c − 2b − 2)a(c − a − b − 3)(c − a − 1)]F (a + 1, b + 1)+

(a − b − 1)[(c − b − 2)(c − a − b − 1)(b + 1)+

a(c − a − b − 3)(c − a − 1)]zF (a + 1, b + 1)+

(a − b − 1)(a + 1)(c − a − b − 1)(b + 1)(1 − z)2F (a + 2, b + 2)+

(a − b − 1)(c − a − b − 3)(c − a − 1)(c − b − 1)F (a, b) = 0 ,

(45)

� F (a + 1, b + 1) ?�|^8�V` (a − b − 1) ?Gv�
>�L__? u
−(c − a − b − 2){[(c − 2)(c − a − b − 1) + 2ab]−

[(a + b + 1)(c − a − b − 1) + 2ab]z}F (a + 1, b + 1)+

(a + 1)(c − a − b − 1)(b + 1)(1 − z)2F (a + 2, b + 2)+

(c − a − b − 3)(c − a − 1)(c − b − 1)F (a, b) = 0 .

(46)| , G K
[1] Gooding R H. CeMec, 1971, 4: 91

[2] Gooding R H, Wagner C A. CeMDA, 2008, 101: 247
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Two Methods for Deriving the Recursion Formula of

Inclination Function

WU Lian-da1 WANG Hong-bo1,2,3

(1 Purple Mountain Observatory, Chinese Academy of Sciences, Nanjing 210008)

(2 Key Laboratory of Space Object and Debris Observation, Chinese Academy of Sciences,

Nanjing 210008)

(3 Key Laboratory of Space Flight Dynamics Technology, Beijing Aerospace Control Center,

Beijing 100094)

ABSTRACT In analytical theories of celestial mechanics, the perturbation function need be

expanded as a function of orbit elements. There are two frequently-used functions. One is

the inclination function, another is the Hansen coefficient. How to calculate the inclination

function as well as its stability and accuracy are very elementary and important problems in

satellite dynamics. The method for deriving the recursion formula of Gooding’s inclination

function is based on two hyper-geometric series relations. Then it is proved that the Good-

ing formula can also be deduced by the recursion relation of Jacobi polynomial. Comparing

with the hyper-geometric series, the recursion process based on Jacobi polynomial is much

simpler, indicating that the Gooding method is the recursion of Jacobi polynomial in essence.

Key words celestial mechanics, methods: numerical


